The maximal monoids of the form F SF are studied, where F is a nonnegative idempotent matrix and S is one of the following matrix semigroups: N n , the nonnegative square matrices, St n , the stochastic matrices, and D n , the doubly stochastic matrices. For the cases of N n and St n , it is shown that these maximal monoids are affinely isomorphic to the full semigroups of lower order, and for F D n F that it is a compact affine semigroup with zero, here called the core of a primitive idempotent.
Introduction
In this paper we give an alternative description of the maximal monoids of nonnegative, stochastic and doubly stochastic matrices to the one presented by D.J. Hartfiel and C. Maxson in [14] , and state in a different context the results about maximal groups of stochastic and doubly stochastic matrices obtained by H.K. Farahat [9] and S. Schwarz [16] .
All this study is placed in the context of compact affine semigroups, thus intending to exploit the interplay that exists between topological semigroups and the geometries of affine spaces and convex polytopes.
In the remainder of this section we state the basic facts and terminology. A (compact) semigroup S on a real locally convex topological vector space is said to be (compact) affine if S is a (compact) convex set and its binary operation respects convex combinations; that is, if for every three elements x, y, z of S and every real number λ in the unit interval [0, 1] it holds that (λx + (1 − λ)y)z = λ(xz) + (1 − λ)(yz) and z(λx + (1 − λ)y) = λ(zx) + (1 − λ) (zy) . For the basic concepts regarding this type of semigroups we rely on the foundational work of H. Cohen and H.S. Collins [7] ; for the concepts used here related to topological semigroups in general, please refer to J.H. Carruth et al. [4] .
Let S and T be (compact) affine semigroups. An affine homomorphism from S to T is a semigroup homomorphism ϕ : S −→ T that respects convex combinations of elements; that is, for every pair of elements x, y of S and every scalar λ in the unit interval [0, 1] it holds that ϕ(λx + (1 − λ)y) = λϕ(x) + (1 − λ)ϕ(y). When ϕ is also a bijective function, it is called an affine isomorphism between S and T, and these semigroups are referred to as affinely isomorphic.
Let M n denote the algebra of real square matrices of order n. Denote the rank of a matrix A of M n by r(A). The ith element of the standard orthonormal basis of R n is here denoted by e n i , where the subindex i also indicates the entry which is equal to 1, for i = 1, 2, ..., n. The symbol u n is used to denote the column vector in R n all of whose entries are equal to 1. In both instances, the superscript n will be omitted if there appears to be no place for confusion. A subsemigroup of M n that has been extensively studied is N n , the semigroup of nonnegative matrices of order n [1] . Geometrically, N n is a convex cone of dimension n 2 with vertex at the zero matrix Θ n and whose edges are the nonnegative axes spanned by the order n matrices U ij all of whose entries are equal to zero, except for a ij which is equal to 1, for each i, j = 1, 2, ..., n.
The semigroup of stochastic matrices of order n, here denoted as St n , is the collection of all nonnegative matrices A for which Au = u; that is, the sum of the entries on each row of A is equal to 1. The semigroup of doubly stochastic matrices of order n, denoted as D n , is the collection of all stochastic matrices D for which D T u = u; that is, the sum of the entries on each row and column is equal to 1. The set St n constitutes a compact affine subsemigroup with identity I n of the multiplicative semigroup N n . It is also a convex polytope of dimension n(n − 1) whose vertices are all the stochastic matrices having 0 or 1 in any of their entries (n n vertices in total). The set D n constitutes a compact affine subsemigroup of St n with identity I n . It is also a convex polytope (the well-known assignment, or Birkhoff, polytope [17] ) of dimension (n − 1) 2 , whose vertices constitute the permutation matrices of order n; that is, the vertices of St n that are nonsingular matrices. These are known to form a group (here denoted as P n ) isomorphic to the symmetric group on n letters S n , and hence there are exactly n! of them.
Of fundamental importance to this work is the characterization of the nonnegative idempotent matrices given by P. Flor [10] , although at least its most important special cases, here presented as corollaries, were known before him to J.L. Doob [8] , F.R. Gantmacher [11] and D.R. Brown [3] , among others. For a proof of the following characterization theorem, also see [1] and [14] . Theorem 1.1 (P. Flor) . Let F be a nonnegative idempotent matrix of rank k in N n . Then, there exists a permutation matrix P such that
. . . The set eSe is a subsemigroup of S with identity e, hence a monoid in S, and it includes the maximal subgroup of S containing e, which is described as H(e) = eSe ∩ {x ∈ S|e ∈ Sx ∩ xS}, or as the union of all subgroups in S containing e. If S is a compact affine semigroup in a real vector space, then eSe is a compact affine subsemigroup of S and every element of H(e) is extreme in eSe. This last fact is obtained by a simple application of Wendel's Theorem [7] .
The affine isomorphism theorem
Our first objective in this paper is to prove that if F is an idempotent matrix of rank k in St n , then the maximal monoid of St n relative to F is affinely isomorphic to St k .
Let F be an idempotent matrix of rank k in St n . According to Corollary 1.2, there is a permutation matrix P of order n such that F can be put in the form G = J Θ V J Θ , with J as in ( * * ), and each J i is a stochastic idempotent matrix of rank one and order p i , which can be put in the form
T , for some positive stochastic vectors y i in
Also, V is some rectangular row-stochastic matrix of the appropriate size. Equivalently, we apply to F the inner automorphism Λ on St n defined by the rule Λ(X) := P XP T . Let us define two block diagonal matrices associated to J: We have that Φ is an injective function into GSt n G. To prove that it is also surjective,
, so that it has the same block pattern as G.
We also obtain directly that Φ is an affine mapping and a semigroup homomorphism. Thus, the composition Φ • Ψ is an affine isomorphism of the semigroup St k onto the maximal monoid GSt n G. Since GSt n G is affinely isomorphic to F St n F , through the similarity transformation Λ −1 , the final composition of maps Γ := Λ −1 • Φ • Ψ is the affine isomorphism we wanted:
Hence, we have proved:
We observe the following facts. In first place, Theorem 2.1 can be directly extended to the semigroup of nonnegative matrices N n , all that is needed is to apply Flor's Theorem, instead of its first corollary, and emulate the above proof. We state this fact in a theorem.
The next corollaries are two geometric properties obtained directly from Theorem 2.1.
Hence, r(B J XC J ) = r(X) and Ψ is rank preserving. Also, Φ preserves the rank by definition and so does Λ −1 , since P is nonsingular.
Therefore, their composition Γ is rank-preserving: r(Γ (X)) = r(X). Since a semigroup isomorphism maps group elements to group elements, it immediately follows S. Schwarz' Theorem [15] on the characterization of maximal groups of stochastic matrices:
Proof. The affine isomorphism Γ of St k onto F St n F restricted to the maximal group H(I k ), maps onto the maximal group H(F ). Now, H(I k ) is the group P k of permutation matrices of order k, and, as mentioned in Section 1, this is known to be isomorphic to S k . 2 Example 2.1. The 2-dimensional compact affine semigroup St 2 has the four vertices:
In the diagram of Fig. 1 , the arc from I 2 to P 2 represents the subsemigroup D 2 of 2 × 2 doubly stochastic matrices, and the arc from E 1 to E 2 the minimal ideal of St 2 . At their intersection is the idempotent matrix V 2 whose entries are all equal to According to Theorem 2.1, F St 3 F is affinely isomorphic to St 2 ; to illustrate the process carried out in this section in order to establish such a fact, we apply the corresponding map Γ from St 2 onto F St 3 F . But first we need to bring F into the canonical form using the permutation matrix
We obtain The affine isomorphism from St 2 onto F St 3 F works as follows: Since Γ (X) :
, we obtain If α ij ≥ 0 and α i1 + α i2 = 1, for i, j = 1, 2, then it can be verified directly that the last matrix is precisely the general form of the elements in F St 3 F .
Observe that the corresponding vertices under the map Γ are:
Here, the set {F, K} constitutes the maximal group H(F ), and the one-dimensional compact affine subsemigroup consisting of matrices of the form
is the minimal ideal of F St 3 F .
Relating maximal monoids to cores
We would like to use the isomorphism constructed in Theorem 2.1 to give an exact description of the maximal monoids in the semigroup of doubly stochastic matrices. With this in mind, we are now going to introduce a maximal monoid with zero in St n . Definition 3.1. Let S be a semigroup with an idempotent e. The core of e in S is the set of all elements of S for which e is a zero element:
We can see that Q(e) is a subsemigroup of S with zero element e, and if S is a compact affine semigroup on a locally convex topological vector space, Q(e) is also compact affine. These facts were established by H.L. Chow in [5] . In the special case S = St n , the core Q(F ) of a stochastic idempotent matrix F is the maximal submonoid of St n with F as the zero element and I n as the identity element. It is also a convex polytope.
Let us denote the minimal ideal (or kernel) of a compact affine semigroup S as M(S) and its relative interior as relint M(S). For the case of St n , it is known [15] that M(St n ) constitutes a compact affine right-trivial subsemigroup whose elements are the stochastic idempotent matrices of rank one. Geometrically, it is an (n − 1)-dimensional simplex whose n vertices are the matrices of the form
Among the special properties of cores that are of interest to us, stands the fact that every compact affine semigroup S can be expressed as a union of cores of the idempotents in its minimal ideal. The proof of this property, that we write below, makes use of Theorem 3 in the work of Cohen and Collins [7] . Theorem 3.2. Let S be a compact affine semigroup. Then,
S = Q(e) e ∈ M(S)
Proof. Let x ∈ S. Then, the sequence { 1 n n k=1 x k |n ∈ N} converges to an idempotent e of S such that x ∈ Q(e), as it was proved by H.L. Chow in [5] . Therefore, S = {Q(e) | e is an idempotent of S}.
Let g be an idempotent of S not in M(S) and let h ∈ M(S). Denote e := ghg. Since h ∈ M(S), so is e (for M(S) is an ideal of S), and by Theorem 3 of [7] the element e is an idempotent too. Now, ge = g 2 hg = e and eg = ghg 2 = e, hence g ∈ Q(e). Therefore,
S = {Q(g) | g is an idempotent of S} ⊆ {Q(e) | e ∈ M(S)}, as claimed. 2
We now want to determine the intersection of the maximal monoids F St n F and Q(E), for E ∈ M(St n ) and F an idempotent in St n . In first place, it is clear that this only makes sense when F belongs to the core of E; that is, Q(E) ∩ F St n F = ∅ if and only if E ∈ F St n F and F ∈ Q(E). 
It is a matter of verification to show that Γ −1
where the union is taken over all matrices E in M(St n ) for which F ∈ Q(E).
Example 3.1. 
⎤ ⎥ ⎦
and the core Q(F ) of this idempotent in St 3 . The median drawn on the 2-simplex representing M(St 3 ) that runs from E 1 to 1/2(E 2 +E 3 ) consists of all rank one stochastic idempotents E for which F ∈ Q(E). Incidentally, the extreme points P 23 and X 1 are, respectively, the permutation matrix that switches rows (or columns) 2 and 3, and the only other element in the maximal group H(F ) (since X 2 1 = F ).
The maximal monoids of doubly stochastic matrices
If we take the rank one doubly stochastic idempotent of order n at the barycenter of the (n − 1)-simplex that constitutes the minimal ideal of St n , that is, the matrix
is precisely the semigroup of doubly stochastic matrices D n . Observe also that the core of a doubly stochastic idempotent with respect to D n is the same as its core with respect to St n . These facts and Theorem 3.3 suggest a strong connection between the maximal monoids of the form F D n F , where F denotes a rank k doubly stochastic idempotent, and the cores of idempotents in M(St n ). We will next explore it in order to obtain a characterization of such maximal monoids. But before that, we introduce some additional terminology.
The stochastic vectors in R n form an (n −1)-dimensional simplex Δ n−1 whose vertices are the usual basis vectors e i , for i = 1, ..., n. A subsimplex of Δ n−1 is the convex hull of a set of k orthogonal vectors in Δ n−1 , where 1 ≤ k ≤ n. We say that an element e of Δ n−1 is associated to an element E of M(St n ) if E = u n e T . A simple criterion for determining whether a matrix belongs to the core of a rank one stochastic idempotent is the following. , for i = 1, ..., k. Then, the sum of the p i is equal to n and thus constitutes an integer partition of n.
Let
Then, F is a doubly stochastic idempotent matrix of rank k in D n . Now, the maximal monoid F D n F is affinely isomorphic to the core of E = u k e T , as we shall show next.
Consider the inverse affine isomorphism Γ −1 from F St n F onto St k defined earlier by
Then,
By the previous Theorem 3.3, we conclude that F St n F ∩ Q(V n ) = F D n F is affinely isomorphic to Q(E).
The converse is even easier. If F is a doubly stochastic idempotent in block-diagonal form, then we use the orders of its blocks to build a rational vector e, so that the core of the corresponding rank one idempotent E := ue T is affinely isomorphic via Γ to the maximal monoid of F with respect to D n . Thus, we have proved:
then Q(E) is affinely isomorphic to a maximal monoid of doubly stochastic matrices of some order n. Conversely, let F be a doubly stochastic idempotent of rank k. Then, the maximal monoid F D n F is affinely isomorphic to the core of a rank one rational idempotent in St k .
In view of the previous theorem we can also say that every maximal monoid in the core of a rational stochastic idempotent E, say F Q(E)F , with E ∈ relint M(St n ), is affinely isomorphic to a maximal monoid of doubly stochastic matrices. This is because F Q(E)F is affinely isomorphic to Q(E ) for some rational idempotent E in relint M(St k ), by Theorem 3.3, and also because the idempotents in the core of a rational idempotent have only rational entries. Now, as we just have shown, Q(E ) is affinely isomorphic to GD m G, for some positive integer m and some doubly stochastic idempotent G of rank k. Hence, we have the following direct consequence. The sets of idempotents in the two isomorphic subsemigroups F D n F and Q(E), mentioned in Theorem 4.4, are in one-to-one correspondence, and so are the maximal groups of corresponding idempotents, as we are now going to show.
Let E := ue T be an element of M(St n ). First let us determine the subgroup of P n contained in Q(E), which we denote as H E (I n ). Without loss of generality, assume that
, and its entries appear in increasing order:
the first k 1 entries equal to f 1 , the next k 2 entries equal to f k 1 +1 , etc., and the last k r entries equal to f k 1 +···+k r−1 +1 , for some positive integer r. In passing, we observe that each one of the stochastic vectors e with this pattern has in its associated core the same subgroup H E (I n ) of P n and together they determine a subsimplex of Δ n−1 with vertices
Take P ∈ H E (I n ). Then, P T e = e and P is a permutation matrix, hence P is a direct sum of permutation matrices which belong to the groups P k 1 , ..., P k r , respectively, and therefore H E (I n ) is a group of order k 1 !k 2 ! · · · k r !, where k 1 +k 2 +... +k r = n (an ordered integer partition of n). Now, let us look at the maximal group H E (F ) of an idempotent F of rank k inside the core Q(E). As it was shown in Corollary 2.5, the affine isomorphism Γ −1 from F St n F onto St k can be restricted to a group isomorphism. Thus, the groups H(F ) and P k are isomorphic. By Theorem 3.3 we also have that F Q(E)F is affinely isomorphic to Q(J),
But we already know something about the group H J (I k ), consequently, we also can tell about the subgroup H E (F ).
Theorem 4.6. Let E ∈ M(St n ) and let F be an idempotent of rank k in Q(E).
i. There is an integer partition of n, say
In particular, if E = V n , then we have the following well-known result for the doubly stochastic idempotents ( [9] and [16] ). for a suitable integer partition k 1 , k 2 , . .., k r of n.
The subgroup H E (I n ) of P n , considered in the above Theorem 4.6, constitutes the set of vertices of a compact affine subsemigroup of Q(E), which we denote by conv H E (I n ). According to Cohen and Collins [7] , since this is a group-extremal semigroup, conv H E (I n ) has a zero element, which necessarily is an idempotent Z of Q(E) with rank equal to some positive integer r. This matrix Z is doubly stochastic (for it belongs to the convex hull of a set of permutation matrices) and, in fact, conv H E (I n ) ⊆ Q(E) ∩ D n . But the intersection of these two cores whose zero elements belong to relint M(St n ) must be a core, due to the following consequence of Theorem 3.2.
Proof. First observe that Q(E) ∩ D n is non-empty, since the identity I n is contained in it. Then, it is a compact affine subsemigroup, and by Theorem 3.2 we have that
Now, by a theorem of W.E. Clark [6] , the minimal ideal M(Q(E) ∩ D n ) is a compact and connected subsemigroup of Q(E) ∩ D n whose elements are the idempotent matrices of minimal rank. But D n has only finitely many idempotents [9] , hence M(Q(E) ∩ D n ) has only one element, call it Z. 2 Due to this lemma we have now that conv H E (I n ) ⊆ Q(Z) = Q(E) ∩ D n . In order to prove the converse inclusion we use the next theorem, which states that cores of higher rank idempotents constitute proper faces of the polytope Q(E), whenever E is an element of relint M(St n ). 
(E). Then i. Each vertex of Q(F ) is a vertex of Q(E) ii. Q(F ) is a proper face of Q(E).
Proof. Let X be a vertex of Q(F ) and assume there are U , V ∈ Q(E) and α ∈ (0, 1) such that X = αU + (1 − α)V . Let P be a permutation matrix such that
and by direct calculation (as we only have nonnegative matrices) we see that P T XP is a block-diagonal matrix, say
Hence, we have the matrix equality
where U st and V st denote the st-blocks of P UP T and P V P T , respectively, for s, t = 1, ..., k. Now, since α > 0, we must also have that whenever s = t, αU st = (1 − a)V st = Θ and, consequently
T be the n-vector in Δ n−1 corresponding to the idempo- 
Since these vectors are positive, we conclude that the rows of block J s are all equal to the row-stochastic vector
The blocks X 
, and we conclude that U i ∈ Q(J i ). Putting the pieces together, we have that the matrix P UP T belongs to the core of J.
Therefore, U ∈ Q(F ), and it immediately follows as well that V ∈ Q(F ). Therefore, Q(F ) is a proper face of Q(E), as claimed. 2
In view of the previous theorem, we know now that Q(Z) is a common face of Q(E) and D n . Also, all vertices of Q(Z) are permutation matrices belonging to Q(E). But such matrices are members of H E (I n ). Therefore, Q(Z) is contained in conv H E (I n ). This gives us the equality claimed, which is all we needed to complete the proof of the following theorem. This group is non-abelian, as it contains a subgroup isomorphic to P 3 . On the other hand, it is well known that there are only three non-isomorphic non-abelian groups of order 12, one of which is essentially the alternating group Alt(4). But H E (I 5 ) cannot be isomorphic to it, because the permutation matrix whose blocks correspond to the cycles (1 2) and (1 2 3) is an element of order 6 and there are no such elements in Alt(4). Neither can be isomorphic to the group Z 3 ⊗ Z 4 , because this has only one element of order 2, whereas H E (I 5 ) has 7 elements of order 2. Therefore, H E (I 5 ) is isomorphic to the dihedral group D 12 , of the symmetries of a regular hexagon. Furthermore, we should point out that the zero element of conv H E (I 5 ) (a polytope of dimension 5), which is the doubly stochastic matrix
is located precisely at the centroid of the hexagon determined by the subgroup of order 6 mentioned above. Observe also that conv H E (I 5 ) = Q(Z), and this subsemigroup of D 5 contains 10 idempotents, exactly, having Z as the one with the lowest rank.
If two groups of stochastic matrices are isomorphic, then their convex hulls are affinely isomorphic group-extremal semigroups, by direct affine extension of any of their group isomorphisms, and since every group must be isomorphic to a subgroup of the group of permutation matrices P n , for some positive integer n (by Cayley's Theorem), we immediately have the following corollary. The last goal in this paper is to determine for which idempotents E in M(St n ) there is an idempotent matrix F of rank k in Q(E) such that F Q(E)F is affinely isomorphic to D k , with the particular intention of attaining a result as close as possible to the ones we have previously obtained for nonnegative and stochastic maximal monoids (Theorems 2.1 and 2.2).
Given that
, for some stochastic vector f i in relint Δ p i−1 , the matrices E ∈ M(St n ) such that F ∈ Q(E) are of the form E = u n e T with e ∈ Δ F , where Δ F := conv{g 1 , ..., g k } is a (k − 1)-dimensional subsimplex of Δ n−1 whose vertices are the distinct columns g 1 , ..., g k of F T (which constitute an orthogonal basis of its column-space).
Suppose E = u n e T is one such idempotent, where e = [h 1 · · · h n ] T is the associated vector. Then, under the affine isomorphism Γ from F Q(E)F to D k defined by the rule Γ (X) := C F XB F , we have that
h r if and only if
We can see that this condition does not depend on the actual values of the matrix F , only on its block sizes and the fact that F must belong to Q(E).
Conversely, making use of Schwarz' Theorem, we can verify that if F Q(E)F is affinely isomorphic to D k , then the above conditions hold.
These isomorphisms tell us in particular that the maximal group H(F ) of the idempotent F is contained in Q(E).
We summarize these last remarks in the following theorem. 
For such matrix F it then holds that the maximal group H(F ) is totally contained in Q(E).
A direct consequence of this theorem identifies the maximal monoids in D n affinely isomorphic to some D k . 
Conclusions
In this paper, we have explored the maximal monoids in the semigroups of nonnegative, stochastic and doubly stochastic matrices. We have shown that every maximal monoid of the form F SF , where S is either the semigroup of nonnegative matrices N n or the semigroup of stochastic matrices St n , and F is a rank k idempotent matrix, is affinely isomorphic to N k or St k , and thus, depending on the rank, all these maximal monoids are essentially the same one, algebraically and geometrically. A very different situation occurs with the maximal monoids in the semigroup of doubly stochastic matrices D n . We have shown that a maximal monoid of the form F D n F , where F is a rank k doubly stochastic idempotent, is affinely isomorphic to a submonoid with zero E, that we call the core of E and denote by Q(E), where E is a rank one idempotent matrix in the relative interior of the minimal ideal M(St n ). Geometrically and algebraically these cores are very rich and diverse in structure, and deserve a deeper study from both standpoints combined, since among other things, St n can be decomposed into a union of cores; this fact gives grounds to try to improve our understanding of the structure of St n through a careful analysis of the cores of its primitive idempotents (see [13] and [12] ). We also have explored the compact affine semigroups of stochastic matrices whose vertices constitute groups of permutation matrices, and have found interesting connections of these with cores and with other subsemigroups of D n .
